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By Mfchael B. Valerino

The usualapproximationsraade incalculatingthepreseure
changes of a compressible flufd flow9.ng thqugh heat-exchanger
pssages introduce apprecfable errors in the me of high-flow
Mach numbers a&d high rates of heating. Existing methods for
obtain- accurate results over the entire Mwh number and rate-
of-heat- n%nge require numerical fntegration for each specifio
aet of conditions and are therefore too tedious for general
application.

In the present paper 832 analysis is made of the compressible-
flow variations ocourring in heat-exchanger passages. The results
of the analysis describe the flow and heating cticterfstics  for
which specific flow passages can be treated as segments of gen-
eralized flow systems. The graphical representation of the flow
variations in the generalized flow systems can then be utilized
as working charts to determine  directly the pressure changes
omxrring in any ispecific flow pawage, OIL the basis of these
results, working charts are constructed to handle the case of air
heated at constant wall temperature under turbulent-flow condi-
tiQns. A method is given of incorporating the effect on the heat-
exchanger flow process of high teznpen%W differautial between
psssagewllandfluidasbasedonrecent EACAexpertientaldata.
Goodagreementis obtainedbetweenthe  experime&alandthe chart
pressure-tip values for passage-wall eeverage temperatures as high
as 1752O R (experimental 1imJt) and for flow&wh numbers raqing
from 0.32 to 1.00 (choke) at the peesage erlt.



The 3xbtimaldesignandoaloulatinaaP perfommmeofair0raft
heatexchangerewhereinhsatis  addedto orsubtraotedfromahlgh-
speed compreesible  fluid stream rsquires not only the knowlsdge &
the appropriate heat-transfer a& friotion-dmg coeffloients  but
also the mathematioal means of utilizing these ooe&'flcisnte  to
deeoribe amuratsly the premsure and temperature  variations  elmg
the length of the heat-ex&mger flow peesage.

The bemio dlf'fsrential equation describa the pressure m.rAa-
tions of a compressible fluid under the simultaneous e&Ion of
friction and herating or cooling is well lumn for the Metal case
of one-dztmenslonalflow;  hovsver, no exaot closed-form solution of
this differential-flow equationhem yet been obtained even for
specially ohosgn boundary oonditfons. Simplified solutions have
been evolved (refersnoes land 2) by resorting to approximations
that are suffioiently  valid for flow at relatively low speeds
(ccme~spadingtoMa&numbers  of the order of 0.4 and 1088) and
for moderate rates aP heat input to the fluid (correspnding to
tanpereture  differentials betweenwallandfltidof  the order of
3000 R an3 less). However, as illustsated  by the qperirmentel.
results ofrefereme 3,-&e es lntroducedbythea~ro~tianrs
inoal~tingChepreseurevarietianealongaflawpa8~
increese so repidly with increaseof Mxhnunibertirate of heat
incputthatfor~heat~ problems the slm&Lf'led ELO~U-
tions are, at t&e most, only rough approximdons~

Although the dIfferemtlal=flow equation la xmt auaoeptible to
formalintegzation, It is readily amenable tonumericalmethods.
Methodsformmericallyintegratlng the differential-flow equation
for speolfic heat-ex&anger conditions are discussed in refer-
ences4aIld5. Although the methods devised reduce the labor
involved in obtaining mmsrioalsolutionsit  is desirable in the
oalcul.ation of pressure drop to obviate the necessity for per-
forming a numerical integration for each set of conditiona d’ heat-
exchanger operation.

In the present paper, an analysis of the heat-exchanger flow
process Is m&e that describes the gensmlization conditiw for
which speoifio flow pass~es can be treated as segments of gen-
eralizeaflm systems. The results aC' the analysis provide the
basis for the construction of vorking charts that enable deter-
mIndion, without individual integ.&%n,  of the pressure vtxtWtiw
of a oompressible fluid flowUg through heat-exchanger passages.
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Working charts are herein presented for the specific case of
air flowing inturbulentmtion through smooth constant-area passages
wherein heat is added to the air strem by the passage walls which
are at a constant temgeraturethroughouttheirlangth.  A oonstant
ratio of the speoific heats for air equal to 1.400 is used in the
pre~ratian of these charte. The range of variables covered in the
chartsare: () tia 18 08 of passage-wall tmperature to air txmper-
ature (absolute) from 5.00 to 1.11, (b) total-menturn parameters
equivalent to entrance Mach numbers from 0.15 to 0.80, and (c) pas-
ssge length-diameter ratios from zero to a value sufficient in most
cases to produce ohokiq at the passage exit.

Althonghinthe oonsixuctionofthe ohsxte theheat-transfer
coefficientsMfric3tionfactorare  ~ssedbythe st22Mard
turbulent-flow equa.tWna used in present-day heat-exchanger work,
anMbo&is givenfor ticorpmatingtie effects of high tamperature
differential between passage wall s& fltid on heat-transfe  coef-
ficient& FrictWnfactc~ es indicated by tie recent e~erimental
data ofreference 6. Am&hodofincorpomtingthee.qerim3n+n.l
resultsofreferanm  6intheheat-Serrelatdausedfarr
temp8ra.tur8-ris8 csd$tlleticm is taso &Ten. ck3lculated  end msasured
TYa.ues of pressure drop aad txm?gemture rise er8 CrmraRlled.

An exsm@e is presented that illustrates in detail the method
of usingtheuorking chartsandofusI.ngtheresultsaPreferenoe 6
insolutionofatypioalpmblem  irxvolvfngflowthmu6h  aheat-
exchanger pasage. Applicationofthemethodof  referenoe 5for
calculating the pressure changes of a oompremible fluid flom
in a passage with an abrupt increase of cmss se&ion (as obtained
at exit of heat exchanger) is d&mussed and illustrated.

Although Crp a preliminary x&ture, this gaper is presented to
fulfill the cu2renturgentneedsforthiatype  oi information.

A cross-sectional areeL of flow passage, (84 ft)

op speolfio heat of fluid at oonstant pres~ure,(Btu/(lb)(~))

De equivslentd&unstsr  offlowpassage, (ft)

I$ drag force due to friction, (lb)
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fktCtionf&ctor,

free-flaw area ratio

mm8 c~~~~~sicm factor, 32.2, (lb/slug)

heat-transfer coefficientbetwaenmllandfluid,
(B'=/bd h ft)(oR) 1

EttiOof~tUdV’Eih8Of’fkktiCJIl  faC!tC@tothat&Wbythe
0.2

SW ~ssion, 0.046

retto ofacimaldue  ofheat-Wer coefficient to that

@VeZI by th8 S- ticqp-ession,

thermal conductiti~  orp fluia, (B~u/(Ewc)(sQ f%)(oR)/(ft))

pas-w flow lsngth, (f-u

MtohIldber

m~~sfluwoffluid, (slugs/set)

totsl pressure, (lb/&q ft absolute)

static pressure, (lb/q f-b absolute)

&~ts constant for fluid, (for air, equal to 53.35), (ft-lb/(lb)(?R))

wettedperimster, (f-t)

totaltefqera4nre of fluid, (si)

tempmture of passa@ ValLs, (OR)

static tenp8X-&Ur8  of fluid, (OR)

fluid VeloOiw in flow ~E%EISS&~ (f%)/(S8C>
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downaixesm diStSll08fKrmr8ferenC8 stationin flow system, (ft)

parme~d8terminedfPmCable  an&arts

ret10 of sDeoific heats at total teDQemAure of fhia (assumsa
constant~a.8  1.400 in &32 charts)

ViSCOSi~ O f  fluia, (ib)/(ft) (88C)

viacoaitg of air at 5190 R, 12.3 X ~~'6, (1b)/(ft)( 88C)

mas densitg of fluid, (sl~&cu ft)

Subscriptst

av fluid ~anditi~n~ 8vahd8d at average fltiawm below
PaSElage

en entice of given flow pets&a@3

ex exttof givenflowpasaage

T fltiac0diti~evaluated atareragewall~tmeaPflm
pas=ge

I anystatloninfluwaystem

0 reference siwtton,d8flnedas  st&loninfluirsyatematwhich
ratio RrT is equal to any of values 5.0, 3.0, 2.0, m 1.5

!&8 f Ollowing ~OUpiZl@ O f  -b18S SX8 i n v o l v e d :

d-
static-pressure pszsmter

mePcr

PA totaLpressure  ymanetar
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veloofty peremeter

.

l s
s

effective length-diameter
r&i0 as me8sured fnnn

* reference station to sny
st8tion in flow
system

(Yge = fiyyz (~m3)-oo2 + & effeativ-e length-diametermtio c9 flow passage

The steady-flow process oocurri~~& within a constant-are8 hertt-
exchanger p886t3ge is one involving the siruultmeo~  action of fluid
friotion and he8t teer. A geneml analysis Is he-rein made of
the compressible-flow variations obtained during this flow process.
It is shown that, by appropriate limitations of the flow and
heating oonditions, individual flow processes become special oases
of generalized flow systems; 8s a result gener8 lieedgnqitlic81
J.wpresent&tiollof  flow syetsms canbe oonstructedthEltareappli~m3
for the direct determination of the flow variations in a large
number of different flow pass8.ges. The results of the aaalyeis ore
then utilized for the constru&Aon of Ch8X-k for sir heated at
constantwalltemperature,  asenrming  the stand8rdhsat-trsnsferand
friction-factor equatZons for turbulent flow through spnooth pas-
s8gss. Amethod of IncorporMing  the effects of high temperature
Ufferentisl between passage wall snd fluid m the flow process, 8s
indicatedbythe recenterperimentaldata of reference 6,is pre-
sented aad checked with experiment.

Foranover-all evaluati~of heat-exchangerpszformanoe,  the
flow variatima at the heat-exohanger entrance due to the fknwwsa
contraction and at the heat-exoh8nger exit due to the flow-area
Snlar?gamentmuStalso  be coneidemd. In8smuoh as the entrance
losses 81‘8 usually emall compared with the over-811 losses &cross
the heat exch8nger, the flow process at the heat-exchanger entrance
can gen6ra~y be 888~11ed iSentropiC. POr 8 8h8rp-6dg6 entranoe,
8 moreaccurate determinstioncrfthe pressure change in theflov
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process at the heat-exchanger  entrencm canbe obtained by subtnwting
the pressure drop due to the veam-coatzacta,  8s based on incoqrsssible-
flow considerations,  Fram the pressure calculated for ~essible
isentropic flov. The losses at the heat-exchanger ezlt are usually
of sppreoiable mtude and require accazate evaluation. For this
purpose, the analysis presented in reference 5 of the compresslble-
flow variations 8cr0ss 8 sudden edbargemmk is hereinapplied for the
c&se of subsonicflowthatisgenerallyen~unte~  inheat-Ber
pmotice.

Desoription  of flow prooess. - Oneform& the differentiul-
momentum equ8tiondesorlbingthe one-dimensionaleteady-st8temotion
of a canprsssible  fluid in 8 constaat-azea psssage under the combined. influence of friction 8M heat tzansfer is:

d(16p+pA) +dDp -0 (1)
From the conservation of energyasdmass equations snd the perfect-
g8s l8w, reference 5 shows that thz total-mamentuan  parameter
a is tiquelyrelatedto  each oftheflowpsrermeters M v
mm '7s'
APA g, and 5 for any value of y sssooiated with the totaltenn-
m&i@ p
perature of the fluid. Khowle@e of the variations of a 8nd

mm
T during the flow process is therefore suffioient to completely
specify the variations of all the fluid-flow conditions (p, P, 8,
8nd t).

The variation  of the totsl-maentum parameter a is due
4s

to the v8ri8tions of both the total-maentum mV+pA apd the total
temwrature T. Differentiation of the tofeLl-manentum  parameter
with respect to these tvo vazkbles for oonstetat
gives:

me4ssflouandarea

(2),d(mV+nA) _?,mv+pAg
di= 2mvB T

The dIfferentia1 dzag foroe aD, is

(3)
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or, more oonveniently,

d+=Md(e) (41

The variation of tot8ltsmpemture T is given by the diff6reILti81
relation equating the heat tmnsferred fmm the wall to the fluid
to the heat absorbed by the fluid.

wcp dll = ha &T) dx (5)

The tmperature recovery f&&or in the bound8ry layer is 8ssumsd to
be unity In equation (5). Negligible errors are intmduoed  by this
8ssumption for g8seous fluids 8nd. for the pr8ctioal zange of tsm-
perature dIf'ferenti8ls used in heat exchangers.

Pmndtlls extension of Reynold's analogy between fluid
friction and heat transfer for flow through-smwth-wall passages

h
gives ZPE as 8 function principally of the Fmndtlnumber 2P!f

F
h .

z
In view of this relation, equation (5) Is resrmngedasdpresented
88

From equations (l), (21, (41, and (6), the varidion cd' the total-
mcmentm parameter during the flow prooess is expressible  as:

I
(7)

As previously pointed out, mv+pA
mJis

is related to
in the manner dictated by the km of conservation of energy and
mass, the perfeot-g8s  l8w, snd the relation between 7 and T;

.
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h

equation (7) thus involves only the varIablea

and T. me conclusion osn then be dr8wn that for u given-fluid the
varlcrtionof a during theflovpmeess  iauniquelyde~~minad

ma
by the variation d? T dur3ng the prooess provided that QppsvB 8.nd

72
Tw are constant or are expressible as fk&ions of only mV+pA

me
8nd 9. Bec8use m snd T completely define sllthe fluid-
flowcozlditions, the parerllelgenelrrlls8tioncaabems&  thstthe
flowvaristfons ofafluidslongah~t-~~erpsseagea~
miquelydetezmined bythevsriationof T along the passagewhen

h
the local values of qservB and G urea can&ant or are expreesibls

z
8s functions of only the local fluid-flow oolvlitions. In partlo-
ular, the flow vsri8tions are then erplioitly independent  of the
position variable I. ThuSTihenthSgnneralizationcoPditions  8IB
s8tisfied, anyst8tioninagiwenflowsystem  osnbe COnSidered
the init st8rt2ng point of 8 real flow process; COnVer86~,
individual flow prooesses oan be considered 8s ape&al csses of
gensrsliz~flowegatalns.

The results of integration of equations (6) and (7) for 8 num-
ber of gener8lIzedflow systems osnbe presented in ch8rt form for
the direotdetsnainutionof  theflowvsriations ins largenumber
of indiwid~lflovpsssages  whenthe generalization conditions sre
88tisfied. Thie f8Ct is used 88 the b8SiB for the aonstruotion of
the oharts presented herein.

Pressure-drop ohartsfor airheatedett constamtnalltampera-
ture. - Worlripg dharts were cxmstruoted on the basis of the fore-
'& analysis to able detez!mU8tion,  without individual integra-
tioti, 09 the pressure variaticms sustained by air flowing through
const8nt-are8 prssagea wherein heat is added to the 8ti at const8.d
p8sssge-walltsmperature. Conventional heat-transfer snd friction
retitions were used in the prepxation of the charts. Subsequent
to the ocunpletfon  of the oharts, addition81 data were Obtained
(reference 6)that indicateaneffectof peeage-walltemperatum
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oa heed-Wer wafffoieut  aml friction f&&or that bsmnes
important 8t high tvturs dlffersntials  between ~811 and fluid.
~6m6~ q 8rkd KF 8re hersin i&rOd~ssd 8s wxtv%tiOn faGtoPS
th8t 8cwunt for dsgx%rture of tbs sha8l heat-traneier ad. friC9tiCXL
phsnamsmfraanthe~e~~~~~~esEledbythe wnventionalrslstions.
!Phemsthodofsvaluating  K& and I$ inawozd8ncswiththerscsnt
data of refersnce 6 is reserved for a later se&ion.

!I!he relations snd 8ssumptions ussd In the intsepation of eqata-
tions (6) 8nd (7) are

8s 1 fd fi* =*I0 09
.

(b) me relation

88 fOl-ioUs:

the specifiohgats  y ie kkenwnstant

for friotion factor is t8ksn 8s

When EJI = 1.00, equation (8) reductes to the wnvsnticmal rslation
(rafsrsnoe 7, p. 119, equation (98)). Inasmmh as p enters in IT
only to the 0.2 powsr, it is 8ssuned cone-t in the integration of
equation (6). large variations in p are ac~tsd for in the use
of the resultsbyt8kin&8n8vem&e value of P intheflowpas-
Sage (that is, p = &v). The f8CtOr e iS SlSO 8SSmSd WIlSt8nt
in the integmtion of equation (6) ad, as ldioatsd l&ter, Is
evaluatedforthe8veragefluidwnditions existin& intheflow
pas=w.

(c) The reletion for heat-tmnsfer weffi~ent Is taken as

2 c: 0.023 (T)O*' ()0'1& (9)

When IQ =l.OO, equation (9) rsduoes to the wnventional relation
(rsfeimme  7, p. 168, equation (40)).

wtoen eq=t- (8) and (91,
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The sim@ifications  are made that: first, h equals 1.186
which represents, within 1.5 percent, the value for air over the
extreme temperature range 460° to 250C"R; and second, 2 is
equal to unity in accordance with Prandtl's extension of Reynold's

h
analogy. Thus, cpPe;v

F is taken constant as 1.186 in the inte-

gration of equatioz (6) and (7).

Two Modes of heat addition of preeent interest are character-
ized by having (8) constant passage-wall tempemture (T, = a wn-
atant) and (b) constant rate of heat tiput along the passage
length [h(T,-T) = s constant]. The generalizationconditions are
satisfied for both these modes of heat addition for the forego-
assumed heat-transfer U friction phenomena during the process;
generalization is therefore possible. Onlythe case of constant
passage-wall temperature is spec3fic8lly treated herein.

For convenience of analysis and of presentation of results,
the differential variable in equations (6) and (7) is changed from
T to 2.

TW
In the integration of equations (6) and (7), the lower

integration limits are designated by the subscript 0. When *qua-
tion (8) is substituted for F in equation (6) and p is considered
tobe equal to MT, the mter

(c)&f =(Fr'" (Pme)'"'2 Kp E (11)

is introduced. This meter, which is proportional to the product
of the actual friction factor % and the length-diameter ratio

is of the same order of magnitude as A.
De

.

On the basis of the foregoing manipulations and assumptions,
equation (6) can be formally in-ted to give:

02)
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where r-

Integration cr9 equation
values & mv+pA inoneto

mlh=

1 _ e-O.OO568 e eff01 WI
(7) is numeric8lly perfd to give

'13,one oomespoz&.uce with values of y

for eauh 8sswned initial pair of values of
Inaamuoh 8s the flow V&I?i8tiOnS  are explicitly indep6lldent  of the
position variable I, each corresponding prtir of values of $
8nd mv+pA obtained during 8 Sing16 integration integmtion for

mm@one pair of values of rs)o and (%)o] Jbe consideld as

the entrance wnditions of 8 flow presage; thus each integration
gives results for an infinite number of flow passages whose entrance
oordftims are restricted to the one-to-one relation between

TWand T Obtained in the integration. All possible wmbinations of

that may be encountered in heat-exchanger practice
are obtained if the integration of equation (7) is carried out for a
single value of 8ndam1@ofv8luss of
ever, in order to obtain increased aoour8cy for
interest, the was aotually carried out and is presented
for four values of Frm the results of numerical integsa-
tion of equation (7) and'from equations (12) and (l3), the values of
m In one-to-one correspondence with values of for
mm@e8oh value a!? used in the integration are
obtained. The plotting Of these results in chert form is described
later.

It is convenient in the use of the &arts to recast equa-
tiOllS (12) and (13) 88 fOllOWS:

Solution for from equation (l-3) and substitution for
T,
TO

from equation (12) gives fo& x = xent in which ease sub-

script x is replaced by subscript en,

.
da
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xen
(3De eff

= 176.1 logs,
0TuCl

! ;w. p -;)J (14)

en for x and 0,
Equation (13) la rewritten by substituting subscripts 6x and

respectively, in which  csse x = L

Tex
T =l+
en

[(2)= - 1] k - eoo*oo568 (2)&f] (15)

maluatiionof '9h and I$. -The preminaryheat-transf'er
andpressure-dropdata  & referen& 6 are used to deternine the
average values & K& and I& that aosomt for the effeut of high
temperature differentials betwean passage wall and fluid on the
heat-transfer and pressure-loss phenomena in smooth-flow passages.
These d8t8 were reoently obtained at the XACA Cleveland laboratory
in &p tiVSSti@tiOZl WrPductSd. With 8ir flw throw 8 tube that
was eleotricallyheatedto averagewerlltmperettures of from 7100
to 1700' R. Referenoe 6 shows that correlation of the heat-tmnsf'er
data aow~dlng to equation (9) wherein Eh was taken88 unity and
the physic&l properties cp, p, p, and k of the fluid were
evaluated at the average bulk temperature resulted in a eeparation
of the dataas the temperaIxrelevelof  th*waUvsried. rt w8s
found, however, that satisfautory correlation of the heat-tmnsfer
data over the en-k-e range of wall tmgmature is obteIned by the
equation:

me- =0.022 (+pye8 (g4
k,

wherein

pwp = (PW 2( >

(16)

071

Equation (16) can be rearran@l as follows:
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.

T u 0.022 (qs?y*8(~y*4me

Ifwsas~cone~tforairazadif~e~liff~tfonlsmade _
that P ia inversely proportiond. to T rather than t, the
&TSItX3&9V'8klS  Of & ti&f%OWpmS8~ iS obtaimdfraequa-
tions (9) and (18) &a:

(19)

The avenge values at T, p, and 9 used in equation (19)
833 consistentvlth the detemiaationof ansverage value of Kh
for the flow palsawe.

'Ihepreseure-drop~taofref~e6arepP?esantlyinthe
~iss~;nodefinitec~lusi~havebeenreebchedreg;ard~ng
the effectofhl& ~turediffere&ialsbetweenpassagewall
andfluidonfrktknfactor. In the tbsence of such infommtion

it 0S.U be tePt8tiTSu 888umd that ygvg remsine substsntiully
'z

constant with variatianofwalltmperature. Therefore,

%-'g mu

From stistltution  of equations (19) and (20) in equation (11)
letting x = L, the &fectdve length-diameter m&Jo of 8 flaw
p8888ge txinbe erpressSd8S

(&>.pf - (p@(~)O” (Z)( $” o-o’2 ($-J (21)

.
‘i-J
8
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Inorder~asc~thev~ditgoftheasslmq?tionexpressed
by equation (201, a c~iscwwaE! made, fen. several erperimentsl
runs> of the pressure drops zmaeured in the investigation of refer-
ence 6 with the pressure &cops obtained from the charts wing equa-

tion (21) for evsluatdng~the L0De eff of the expmimental flow
pas=ge* Inamchm inthe irwestigation thewnll~twe
varied with leng& along the hibe, We hrtegrated'average value
of q was used in the calculatlons. t&e results of the wessure-
drop cwison as well as of a ccmgwrison of the calctiktted  a&

- lPeasurea~l?Eature-risevalues~presentedin~ble  I.

LlBe good areartysnt between the nmasured mud the calculated
results indicatedinthe  table substantiates the generalvalidity
of equations (19) aad (20) azld fs a check on the accuracy of the
charts and assumptions involved therein. Inaddition,  the results
of theforegoi~c~sonahawthat,al~ouebstrictlsa~llcable
for the caseof con&antwaJJ. temrperature,  t&e chart6 canbeused,
wTthinlimIts,  tohandle the case ofnonuniformwall-*ratwe
distribution along the passage length throw the use of the
average w&u temprature. A masure of the nonunifomity of wall-
imqperature distributMniegi~enbythez&io  of thedifference
between nkaxhm walltemperatureanden~e-airteslperatureto
~edifferencebetveen&ve~gesTall~eratureazdentrance-air
bqerature. For the runsused inthe foregoingc~sonthis
ratio was approximately 1.2.

At the relatively low Remlds number of 53,600,the agrwment
is not as close as at the higher Reynolds mbers. This result is
attributed to the leminar boundary-layer regime at the tube
entrance which, beoause of the smooth well-rounded entry of the
test tube, occupies an extensive portion of the tube length even
for Reynoldsnumbersgreatlyinexcese  of the criticalvalue. The
extent of the entae lam5narregimeiareducedwith  Increase in
Reynolds number.

The method of determinIng for a flov paesage
illustrated later bymesns & an example.

Flowinpassa~ewith  suddeniPorease  incross w&ion.
reference 5, the momentum equation describing the flov of a

is

-In

preseible fluid across a sudden enlargement of cross section ia
written in terms cxf dimensionless-flow parameters for convenient
applioation to the case where the flow in the passage just l~pstresm
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of the area enlargement is critical or supersonic. Inheat-
exchanger operation, however, the flow fe generally subsonic; the
general method of reference 5 is herein applied to this speciffc
case.

For subsonic flow ac~oas a sudden enlargement (from area Al
to area AZ), application of the principle of conservation of
momentum at a section just downstream of the enlargement andtat
a section located a sufficient distance downstream of the enlarge-
ment that uniform flow again exists gives:

mVl + plA2 = mV2 + ~2A2 (22)

where

subscript 1 denotes cclnaitions at the small area Al

subscript 2 denotes conditions at the large area A2

Becausethemass flowand totaltermperature  of the fluidare
constant across the enlargement, equation (22) can be written

($a&2 = m$+g =(s5k)l + p”,:;: (23)

Alor, more conveniently, when noting that f = -,
A2

The use of equation (24) for calculation of the compreesfble-
flow change8 across an enlargement for subsotic flow is illus-
trated later by means of an example.

Infigurel, the ratio of the total momentumatany

station to the total momentum at tie reference station
(mv+pA),

is plotted against the reciprocal of the tot&.-momentum
7=3&J

.
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parameter at the reference station for a range of values
of effective length-dIemeter ratio The ratio

is takenforthe dietame betweenthe reference stationand
the station x in the flow system. Withfn eaoh figure, the locus
of all flow condition8 ina given flow masage has One value
of the ab8Ci888. Hence, the point8 ona figum repreeenting all
flowcondItion inap8888ge lieona ccmnonvertical  Une. mch
curve of constant in figure 1-0 represents the locus
of points at which Figure l(a),which i8
for =5.0, from 0 to 32.1 equiv-
alent to a mnge of fc from 5.0 to 3.0; figure l(b),which is for

=3.O,coveraarangeof  5
0

from 0 to 50.65 equivaleplt
%r' e&f

toarangeof T from 3.0 to 2.0; figure l(c),whi~h is for
TW
0TO

3 2.0, covers a mnge of fmm 0 to 71.4 equivalent
T,toamngeof F from 2.0 to 1.5; and figure l(d),whlch is for&

0TW

TO
= 1.3 covt3rs a mnge of z

% ( )De eff
from oto 208 equivalent to

arangeof T frcm 1.5 to 1.11. TwThu8atotalrange of up fram-
5.0 to Lll ii covered in figure 1. .

Inasmuch as the bottom curve in each of figure8 l(a)
to l(c) is used in proceeding from one figure to another when
required in solution of a problem, it is dashed and is identified

%7 rr,withits approp-iatevalue  of F. ~sevaluesaze 'p= 3.0
%- 32.1 in figure l(a), I = 2.0 obtained

= 50.65 in figure l(b), a&L 2 = 1.5 obtained at

= 71.4 Fn fi@re l(c). At - O9
T,
F' of cout?se,

equals the value of the figure is presented.
Because the value of T otxm3sponding +o maximum Lf0
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onafigureisidenticalwi~thereferenu evalueof %T onthe

succeedingfigme,  themximm valueof z(>De eff b figures lb)
tol(c) rep?eaent8 the effective km@+diameterratiobetween~e
referenrJe6~tionf~which~e~gurei8~s~~asd~erefereace
stationinthe 8UCCeu figure, For examgle, fran figure l(bJ,
the A

( )De e&Y
valuebetweenthe reference etaticmdefined  by

( >
T, TTt
T O

= 3.0 and the reference station defined by ( )TO = 2.0 is
50.65. 'phe cuxve'represantlpg  the choke limftfor the flow18
gWenineachfigure. A table is ~acnrbed in figures l(a) to l(c)
~tisuseflul,a8laterahcrPm,inproceedlng~onefigrPleto
anotherwhareroquirecl intie solutiaolofa  problm

Figures 2 and 3 relate for air (y = 1.400) the total-pressure

parameter -AL
me

and the StXtiC-~88UXW pammeter

respectively, to the total-mosnentum parameter The varia-

tion&' m and T inaflwpasserge canthemE'ore  betmns-
mm

lated into the variaticm of ate-tic or total preesure in the flow
3w=m.

!F!he operations involved in the use of the charts for solution
ofaheat-~~rfl~problsrmarebrieflyoutllaedandillua-
lxatedintie foIlouingexaqleswith~eaidofflgures  4and5.
Figure4pres6ntsa  8CbeIIBtiC diagamof theflmpassage of exam-
pies I,II,sndIIIand indicates thepassage (solidlines)a8a
segmntofa generalized flow syste~~shuwnby  the dashed lines. C&e
relative positions of thevarioUs stationsin~e  genemlitedflcw
systermthat~~rin~egrobleanof~>leI~  indicated. Ihe
detailed steps involved in the use of the charts for solution of
the problem of emzt.@e I are -&aced in figures 5(&),5(b), ad 5(c).
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Erample I - Use of Charts

Consider the ttdulent flow Of air thraagh a Bmooth tube
whereinheat ieaddedto theairat constantwerlltempexd%re. !l!he
follouing flow and heating conditions axw aemmed to &at:

(4) Total tageratme ofairattkeentraerre,  Sr,,
oa

(5) Total pike&G ;le*air*ai tui;e*t5&&a3G 9 'pin:
. . . . . . 610

(lb)/(aqft) . . . . . . d . . . . . . . . . . . . . 2160
(6)!I!@e-wa.lltemsperatUre,~, %i............ 2000

Detelmrine:

(a) Total pressure and total temperature of air at tube exit
(b) Static pressure of air at tube entmnce ad. exit

The method Of 8ucce8sive approxdmations la required to c&lcu-
Iate the average value of

( 1
&
eaf

for the tube psseage that is
consistent with the average fluid tqrature ia the paeage.
Ipaemudh as the principal purp08e .of this emample 3.8 to illustrate
the chart operations, the evalua.tionof &

( )e eff'
although the

first step in obtaw solution of the problem, 18 preeented letter
in example II.

(7) The results Crp example II give

L0K eff
= 103.0

(8) FIWII items (4) ad. (6)

2000= - = 3.279610

(9) Born equati~ (15) and items (7) and (8)
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Fn = 1 + (3.279 -1) (I- e-"'oo5~lo3~o ) = 2.010

(10) From itWO8 (1) and (3)

0.00373
ax (0.0833)2

= 0.6637

(II) From item8 (A), (5), and (10) for R = 53.35 for air

2160=
0.6837432.2 x 53.35 x 610

=3.087

(12) Fram item (11) and figure 2

= 3.252

Determination of initial chart. - Items (8) and (12) specify
the entmnce conditions of the tube required for entering the charts.
The point on the charts ccrresponding  to the entmnce conditicns of
the tube is referred to as the etarting point and the chart cankin-
ing the starting point as the The initial chart is
simplydeteminedbythe  value aa illustrated in the
following item.

(13) From item (8), - 3.279; hence, figure l(a) which
covers the range T,

T 7 5.0 to 3.0 is the initial chart.

Inasmuch et8 consideration of several reference stations in
the flow system may be required in solution of a problem, the ref-
erence station for which the initial chart 18 presented and all
flow conditions at that reference station are designated by the

TXsubscript 0,l; for example, T
( >O,l

is equal to 5.0, the refer-
ence value on the initial chart. A8 shown in figure 4, reference
station 0,l intheflow system is locatedupstream of the flow-
passage entrance (station en).

.
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t

Location of start- point on initial chart. -

is calculated frcm equation (14) for

r,
0

T,
hcl

= 3.279 (item (8)) and y0 0
on the initial chart(designated

and equal to 5.0 frca item (13)).

xen
( >K eff = l%*l 1% [5.:(:-;:~7,)] = 24-16

As shown ia figure 4, xen
( )
-
De eff

represents the effective

len&h-diameter ratio between stations 0,land en, that is, the
T,effective length-diameter ratio required to effect a change in F

from 5.0 to 3,279.

(15) The ordinate-to-abscissa lrrtio on the initial chart for
X=Gn IS

(g$y (*)o,l -t I
which, because T, i8 coDBtant, csn be rewritten a8

This r&tio,which represents the slope of a straight line through
the origin c& coordinate8 in the initial chart,18 evaluated fxun
items (8), (X3), and (13) as

3.252 4.013
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. .
Intersection of the straight line with slope 4.013 and the

interpolated curve for (e)- -(z)eff = 24.76 (item (14))
locates the starting point on the inftial chart. Inasmuch as the
orfgin of coordinates  f8 not on the ch&s,the required slant line
is obtained by drawing a atmight line through the pints
(ordinate = 1.00, absciesa = l/4.013) and (ordinate = 0.94,
abscissa = 0.94/4.013). The foregoing construction procedure for
location of the starting point 18 illustrated in figure 5(a) where
the starting point is desigmted  as point A.

6

(16) The ordinate value for the starting point is bV+XNen
(mv+pA)o, 1'

which is read fraan figure l(a) as 0.990.

(17) The abaoiesa value for the startTug point is
which 18 read from figure l(a) as 0.2467.

Detemination of ter~~inalchart. - !Fhetezminalchartisthat
chart conta~ the pointcorrespcndingto the exitcondStions of
the flow passage. Thie point 18 herein referred to as the end
point and is designated as point D in figure 5(c). The lie-
chart is determined as illusimst& in itms (18) and (19).

(18) The effective length-diameter m&lo between reference
the end of the tube passsge ex in fig. 4)

,  Which 18 l3imp~ the BUD O f (item (141)

d the tube pama@ (i-ban (7)).

= 24.76 + 103.0 = 127.76

(19) The table presented on the initial chart (fig. l(a), in
-&is case) specifie8 the terminal chart as fig. l(c) for the value

equal to 127.76.

Tmusferfrm initial totexminalchart.  - Inasmchasthe
temnkal chart 18 Id the same a8 the initial chart, 8OhtiOn Of’
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the problemzeqtirestransferringfrom  chart to ohart until the
teld.IEt~ChEtZFt  i8 6dWrd. Ip this C%fkse,..i.t is n00888axy  to tr&n+
fer successively fraPn figure l(a) to figure l(b) adI finnllyto fig-
ure l(c). In the performance of thie tmnsfer, the abscissa values
required to enter figures l(b) a& l(o) are successively determined
88 follow8:

(20) On the +itial&art, the ordinate corresponding to

along ihe curve for maximum 16 equal to

,-ggg
where e~aori~t 0,2 demote8 the reference station at which

e). =e)o,2 = the value of 2 at muximum ($>,, on the

initial &art. Frm figure l(a) for iterm (17) a& for

= 32.1 haximu value),

uhers %0To2#

= 0.9862

= 3.0

As indicated in figure (4),8tation 0,2 18 the next successive ref-
erence station downstream of station 0'1. The point on the charts
correspmding to the foregoing coIlditim8  is designated as point B
in figure 5(a).

(21)The reciprocalof%he total-3mutentunspermeteratrefer-
E3tatiOIl 0,2 18 c8lC&ELt& a8

(%i$F)o
s

2 = ts)o,l izz;~y~~~:~o,l (:).
> I

2

l
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which fmm items (17) and (20) for Tr

0

0
= 5.0 (iterm( and

r,
-F 0,l

T 0'2
- 3.0 (item (20)), gives

-M&j = 0.3229

The chart for ($). -(g)o,2 0 3.0 (fig. l(b)) 18 mtered

with an abscissa value equal ta 0.3229 as idhated in figure 5(b).
In~~smuchasf@urel(b) is nottheteminalchart,theprocedure af -
itWI8 (20) and (21) IllII8t be Z?epM&tC+d.

(22) On the chart for theordinatecormt-

poring to 18

eubrroript 0,3 demot88 the mfcaaceequal  t o StELti.On

at which

on the chart. From figure, l(b) for item (21) and for
= 50.65,

%where T
0

= 2.0.
093

As indicated in figure 4, station 0,3 18 the next sucuessive
refereme station down8tre8m  of etation 0'2. The point on the
charts correspcmdbg  to the foregoing co&itions is desi~fed as
point C in figure 5(b).
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(23) !Fhe recipmxal Crp the total-momentum parameter at refer-
StatfOIl 0'3 18 CEbd.ELtSd &S

(I+*),’3 = (%+iiqoI 2 E&l-

which, from item8  (21) and (22) for T
0
r,

092
= 3.0 (item (20)) and

0Tw
yo3

= 2.0 (ih (m)), gi-
9

- = 0.4111

The ohart for (2jo =Mo3 = 2.0 (fig. l(c)) is entered. with an

absciaas value equal to 0.41ilas i&icated in figure 5(c).
Inasmuch as figure l(c) is the terminal&art (itern (19)), the
transfer procedure is wmpleted.

LooationaP edpcint onterminalchart. -

(24) The table pm+nted on the initial chart; (fig. l(a), in

this case) specifies Z - 82.75 for = 127.76
(item (181).

(25) The end poizlt is locded on the curve in the terminal
ohart for

(G)eff e KY&f - '

which, from items (18) and (25), eves

on terminal Chart = 127.76 - 82.75 = 45.01

(26) Items (23)and (25) fix th8 location of the e&l pofnt on
the terminal ohart (fig. l(c)); item (23) specifies the &b8Ci8s&
value for the end point as 0.4111 and item (25) specifies the
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2.( >De eff value for the end m-t as 45.01. This procedure Is illus-

trated infigure 5(c)where the

Evaluatioll of mv+pA
( )mm a'

end point Is desiguated aa point D.

(27) Note that 3 charts, and thus 3 refereme statinns are
involved in this problem for location of the end point. In this
awe, the ordinate value for the end point is

which, frca item (26), is read as 0.9463 Fn figure l(0).

(28) (mv+@%x
(mv+*)o ) is cal~ulatea a61
bV+pAlex
(mv+pA)o

I
1 = ‘a  ~ZZI~~~39 I

which, fm itemi (20), (22), and (27), is

0.9862 x 0.9621x 0.9463 3: 0.8979

bV+pA)e,
(29) ‘(mv+pA)-& ie ~l=u~t*  ae

bV+pA) ex bv+pA)e~

-liizqxg = bv+pA)o,l

bz+;z

which, frcm items (16)and (26),glves

(mv+@)ex 0.8979
m-& = 0;-990 = o*g06s
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(30) The total-momentum psmmeter at the erlt of the flow
passage is then

which, from items (91, (l2), and (29), givee

= 3.252 x 0.9069 =
-0

Final results.

(31) From item

,

(30) and figure 2(a)

= 1,778

(32) From itams (9), (II), and (31)

2.080

1.778
3.087

(33) From item (I-2) and figure 3(b)

( Ll3% = 2.913

42.010 = 0.817

= 1.420
ex

(35) From items (5) and (32)

Pex = 0.817 X 2160 = 1765 (lb)/(eq ft)

(36) Pm itsms (11) and (33)

0P 3.087
Pen

= - = 1.0592.913
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80 that, fram item (5)

pen = E = 2040 (lb&q ft)

(37) Fran iteme (31) and (34)

0
z 1.778
P ex

= 1.420 = 1.252

so that, from item (35)

Pex
1765= - = 1410 (lb+ ft)1.252

(38) From items (4) and (9)

Tex - 2.010 X 610 =I 1226' B

Example IS - Evaluation of
( >
+
eeff

The method of suuceesive appmximation must be used in order to
obtain consistent values of &

( > and average fluid temperattire.
h3ff

The variations of epecifio heat op and absolute viscosity & of
air with temperature, as obtained from reference 8, are presented in
figure 6 to aid in thie detezmfnation.

(39) Fmun figure 6 for T, = 2000' R (ItBaP (6))

OP,W = 0.2775

h? = 30.3 x 1o'6

(40) Take Tav = 750° R aeafirstapproximationin~i&  ease
fromfIgure

op,av = 0.2425



.
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(41) IPrcan equation (21) amI Itma (I), (2), (6), (Lo), (39), Id. (40), mta that
pr equals 12.3 x 10'6 (mr.s)

(e)eff -($$(&$= ($$$(;;:z:;r'z (0.6~WX?3f-"*2 (&)

P 89.1 flrst appmxZmatloa

.i (42) Brch equaflon (15) a08 itema (8) and (41)

> m 1 + (3,279- 1) (1-,-oao-s*1)=  1.9052 fhf3-b q&'OziiEIfLtiazl *
ml

(43) m itm8 (4) am]. (42)

Tav p Tm = 6u) (’ +1;19052) I 98sO B aeod agprodmatlon

in tiloh =s@ fm f&ure 6, Cp,av m 0.2455

(44) mm equation (21) esd Itears (11, (2), (6), (lo), (39), a (43)

(t)- -(~)($$*8 (@(;;;;-;J'" (0,6637~O.W3)'~~~  (&)
.

= lOO.6 eaM app.zmhatlarr

(45) lma equation 0.5) alxl itams (El) and. (44) s
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1 + (3.279-l) (1-,-"*oo568x100*6> = 1.993 second approxlmticm

(46) From Itema (4) and (45)

T,, = 610 (,,,*g93) o 913°Rthlrdappmximtion

in whioh cam, %tav = 0.2463

(47) Fmm equation (21) and items (l), (2), (6), (lo), (39), and (46)

ID 102.7 third approximtion

(48) From equation (1s) aM items (8)mand (47)

T9X-c
Ten

1 + (3'.279-1) =2.007.third approximation

(49) Repetition of the foregoing procedure givea for the fourth qpmIimatlon

0
L
De eff = 103.0

%X
- = 2.010Ten
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which ar8 practically identical with the third app-tion valuee.

T
The valuels d TaT,

* Tea
= given in item (49)

represent the mnv8rgeIlt  mluee. It ie evident that the third
appmxirmtion values could have been taken ae the convergent valuee
with negligible error; in general, the third approximation values
are sufficiently accurate.

%XOple III - Det8rminctZon  of Ekit Bd &sees

&23LlW3tb&tth8fbWE~tthk3  8titOfth8 tub8 O~~XEIBI@~I
S'Udde~ di8charged tit0 & dUCt having tWiC8 the WOeEl-SeCti-
emsa of the tube (in whfch case, f = 0.50).

Determine:

(a) Static and total pressures tat the duct cm88 section where
UIXifOZ7E f1OW iS r88Stabliehed (r8f8IWd t0 &S StdiOlI d in fig. 4).

(b)Drop instaticend totalpressur8sfPcmenkance of tub8
of e-18 1 to duct cro88 sectian wher8 uniform flow is r888tab-
kh3hed (in fig. 4, fKxm StatiOn 8I1 t0 E&&ion a).

(1) &-OIll t2l8 ~E3ldm-b of eXampl8 1 (items (m), (a), and (%)),
th8 flOW parametersat the tube exit are:

= 2.080

n-1.778

= 1.420
(2) lkm equation (24) and item (1) of this eXamp18 far f = 0.50,

nOtiw t&t in fi@D?8 4 t&8 8DEd.l ?XF?BB i$ at EltBtiO?l  8X iSld the
bl?g8 XtX& at BtatiOll d
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e 2.080 + 1.420 1 = 3.500

(3) From item (2) and figures 2 and 3

= 3.348

(“>dim&
= 3.l.89

43X(4) Fran items (1) and (3) noting that q = f = 0.50 and
that m and T are corwtantacross th8 e~8mnt

$(m&)* (j@i)= 2 = $$g x 0.50 = 0.942P

(5) man 8xampl8 I, P, = 1765 pounds per square foot and
%x = 1410 pounda per square foot, whioh from it- (4) gives

Pd = 0,942 x 1765 = 1663 (lb)/(Sq ft)

pd P 1.123 x 1410 = 1583 (lb)/(sq ft)

(6) The drop in total pressure fram station en to station d
ill figtE8 4 ier, from item (5) of exzunple I and fzvm item (5) of
thie emllple,

APm-d = 2160 - 1663 = 497 (lb)/(sq ft)

E the flow proc8ss at the tube entrance were isentropio, the value
of total-pressure drpp given by itsm (6) would also be obtained
acrofm the S&ire tube, including all Snd 1OBSSS.

I
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(7) !Ihe drop in static pressure from station en to statian d
in figure 4 is, from item (36) of ezunple I and from item (5) of
this emmple,

Ap,-d = 2040 - w = 457 (lb)/(sq ft)

Th8 Static-~SsWS &'Op obtained at th8 tub8 entaC8 for an
isentropic flow pmoess csn be calculated by se equations and
added to the value of pressure drop given by item (7) to obtain the
over-all  static-pressure drop across the tube, inclw al1 end
108888.
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